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Abstract. An n-tuple of operators T := [Ti, . . . , T n ] on a Hilbert space Ti is called a J-constrained 
row contraction if TiT* + • • • + T n T„ < In and 

/(Ti,...,T„) = 0, /€./, 

where J is a WOT-closed two-sided ideal of the noncommutative analytic Toeplitz algebra and 
/(Ti, . . . ,T n ) is denned using the J^-functional calculus for row contractions. We show that the 
constrained characteristic function Qj^t associated with J and T is a complete unitary invariant 
for J-constrained completely non-coisometric (c.n.c.) row contractions. We also provide a model 
for this class of row contractions in terms of the constrained characteristic functions. In particular, 
we obtain a model theory for g-commuting c.n.c. row contractions. 



Introduction 

In [22], we developed a dilation theory on noncommutative varieties determined by row contrac- 
tions T := [Ti , . . . , T n ] subject to constraints such as 

p(T 1 ,...,T n ) = 0, P GV, 

where V is a set of noncommutative polynomials. In this setting, the model n-tuple is the universal 
row contraction [B\, . . . , B n ] satisfying the same constraints as T, which turns out to be the maximal 
constrained piece of the n-tuple [Si, ... , S n ] of left creation operators on the full Fock space on n 
generators. We obtained a Beurling type theorem characterizing the invariant subspaces under each 
operator Bi®I-h, . . . , i? n (g)/^, and Wold type decompositions for ^-representations of the C*-algebra 
C*{Bi, . . . , B n ) generated by Bi, . . . , B n and the identity. The constrained dilation and model 
theory is based on a class of constrained Poisson kernels associated with T and representations of 
the Toeplitz algebra C*(Bi, ...,B n ). 

Following the classical Sz.-Nagy-Foia§ model theory for a single contraction [23] and the multi- 
variable noncommutative dilation theory [8], [9], [ID], [IT], [12], we introduced in [22] a constrained 
characteristic function @j,t associated with any constrained row contraction T. It turned out that, 
for constrained pure row contractions, the constrained characteristic function is a complete unitary 
invariant. We also showed that the curvature invariant and Euler characteristic asssociated with a 
Hilbert module generated by an arbitrary (resp. commuting) row contraction T can be expressed 
only in terms of the (resp. constrained) characteristic function of T. This paper is a continuation 
of [22]. We further investigate the constrained characteristic function in several variables. 

Let H n be an n-dimensional complex Hilbert space with orthonormal basis e±, &ii ■ ■ ■ > e m where 
n E {1,2, . . .}. We consider the full Fock space of H n defined by 



F\H n ) :=0Jf, 



n J 



fc>0 
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where H® Q := CI and H® k is the (Hilbert) tensor product of k copies of H n . Define the left 
creation operators Si : F 2 (H n ) — > F 2 (H n ), i = 1, . . . , n, by 

Si<p := ei ® (p, (peF 2 (H n ). 

The noncommutative analytic Toeplitz algebra i 7 ^ and its norm closed version, the noncommuta- 
tive disc algebra A n , were introduced by the author in [T3] (see also [T5] ) . F£° is the algebra of left 
multipliers of the Fock space F 2 (H n ) and can be identified with the weakly closed (or tt;*-closed) 
algebra generated by the left creation operators Si , . . . , S n and the identity. The noncommutative 
disc algebra A n is the norm closed algebra generated by the same operators. When n = 1, Ff° can 
be identified with H°°(J$), the algebra of bounded analytic functions on the open unit disc. The 
noncommutative analytic Toeplitz algebra F£° can be viewed as a multivariable noncommutative 
analogue of H°°(B). 

Let T := [T\, . . . ,T n ] be a completely non-coisometric (c.n.c.) row contraction (see Section 1 for 
notation) with Tj € B(7i), the algebra of all bounded linear operators operators on a Hilbert space 
TL. Given a WOT-closed two-sided ideal J of the noncommutative analytic Toeplitz algebra Ffi°, 
we say that T is a J-constrained row contraction if 

/(T 1 ,...,T n ) = 0, feJ, 

where f(Ti, . . . , T n ) is defined using the F^°-functional calculus for c.n.c. row contractions |15| . In 
Section 1, we present some results concerning constrained Poisson transforms associated with J- 
constrained row contractions. More about noncommutative Poisson kernels and Poisson transforms 
on C*-algebras generated by isometries can be found in [IT] , [2], [18], [19], [21], and [22] . 

The constrained characteristic function associated with a J-constrained row contraction T was 
introduced in |22j as a multi-analytic operator 0j 5 t : -A/j ® ^T* — ► ■A/j ® T^T uniquely defined by 
the formal Fourier representation 

-I Mj ® T + {I Mj ® A T ) - Wi ® [Wi ® J w , . . . , W n ® I H ] {Ik, ® a t») , 

where Wi , . . . , W n are the constrained right creation operators associated with J (see Section 1 for 
notation). 

In Section 2, we show that the constrained characteristic function is a complete unitary invariant 
for the class of constrained c.n.c. row contractions. We also provide a model for this class of row 
contractions in terms of the constrained characteristic functions. All the results of this paper apply, 
in particular, to c.n.c. row contractions subject to constraints such as p(T\, . . . ,T n ) = 0, p G V, 
where V is a set of noncommutative polynomials. 

In particular, we obtain a model theory for commuting c.n.c. row contractions. The characteristic 
function of a commuting row contraction T := [T\, . . . ,T n ] is the compression to the symmetric 
Fock space of the noncommutative characteristic function introduced in [12]. As shown in [22] 
(using [3j), it can be identified with the operator- valued analytic function on the open unit ball of 
C n , given by 

®J c ,t(z) := -T + A T (I - z{F{ ZnT*)^ 1 ^^, . . . ,z n I H ]A T », z = (zi, . . . ,z n ) G B„, 

In this particular setting, the characteristic function was proved to be a complete unitary invariant 
for pure row contractions in [6] and, independently, by the author in [22]. We should mention that, 
in the commutative case, there is a model theory (see e.g. [1] and references therein) for operator 
tuples T satisfying positivity conditions of type j?(T, T*) > 0, where K is a reproducing kernel 
associated with certain domains in C n . It will be interesting to see if there is a "constrained- version" 
of all this work. 
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After the completion of this paper, we received a preprint from T. Bhattacharyya, J. Eschmeier, 
and J. Sarkar [7j, and also noticed a very recent paper of C. Benhida, and D. Timotin [3]. Both 
papers deal with the characteristic function of a commuting row contraction and there is some 
overlap, in this particular setting, with Section 2 of our paper. However, our results concerning 
the model theory for constrained row contractions are more general and the proofs are based on 
noncommutative dilation theory, rather then reproducing kernel Hilbert space techniques. 

1. Constrained Poisson kernels 

In this section, we present some results concerning the constrained Poisson kernels associated 
with completely non-coisometric row contractions. These results are needed in Section 2. 

We need to recall from [13], p3], [15], [16] . and [20] a few facts concerning multi-analytic operators 
on Fock spaces. We denote by F+ the unital free semigroup on n generators gi, ■ ■ ■ ,g n , and the 
identity go. The length of a G F+ is defined by |a| := k if a = g^gi 2 ■ ■ ■ gi k , and \a\ := if a = go. 
If Ti, . . . ,T n G B(7i), define T a := T h T h ■ ■ -T ik if a = g h g i2 ■ ■ ■ g ik , and T go := I H . Similarly, we 
denote e a := ® ■ ■ ■ ® ei k and e go := 1. We say that a bounded linear operator M acting from 
F 2 (H n ) ® K, to F 2 (H n ) ® K! is multi-analytic if 

M(Si ® Ijc) = (Si ® Ik')M for any i = l,...,n. 

We can associate with M a unique formal Fourier expansion M(R±, . . . , R n ) := ^2 a£¥ + R a ®9r a \, for 
some operators 9t a \ € -B(/C, /C'), where Ri := U*SiU, i = 1, . . . , n, are the right creation operators 
on F 2 (H n ) and U is the (flipping) unitary operator on F 2 (H n ) mapping ® ej 2 ® • • • ® ei k into 
&i k ® • • -®ej 2 ®ej x . Since the operator M acts like its Fourier representation on "polynomials" , we will 
identify them for simplicity. The set of all multi-analytic operators in B(F 2 (H n ) ®/C, F 2 (H n ) ® K,') 
coincides with i?^°®i3(/C, /C'), the WOT-closed operator space generated by the spatial tensor 
product, where R^ = U*F£°U. A multi-analytic operator is called inner if it is an isometry, and 
outer if it has dense range. 

Now let J ^ F£° be a WOT-closed two-sided ideal of the noncommutative analytic Toeplitz 
algebra Ffi°. Define the subspaces of the full Fock space F 2 (H n ) by setting 

Mj := JF 2 (H n ) and Afj := F 2 (H n ) Q Mj. 

Define the constrained left (resp. right) creation operators by setting 

Bi := PjVj Si \j\fj and Wj := P/fjRiWj, i = 1, . . . ,n. 

Let W(B%, . . . , B n ) be the w;*-closed algebra generated by Bi, . . . , B n and the identity. We proved 
in [2] that 

W(B X , ...,B n )= PMjF^Wj = {f(Bi, ...,B n ): f(S 1} . . . , S n ) G F n °°}, 
where, according to the i^-functional calculus for c.n.c. row contractions [15] . 

f(B x , ...,B n ) = SOT- lim f(rB u rB n ). 

r—*l 

Note that if (p G J, then <p(B 1} . . . ,B n ) = 0. An operator M G B(Mj ® fC,J\fj ® K') is called 
multi-analytic with respect to the constrained shifts Bi,..., B n if 

M(Bi ® I/c) = (Bi ® I)c)M, i = l,...,n. 

If in addition M is partially isometric, then we call it inner. If M has dense range, it is called 
outer. We recall from [20] that the set of all multi-analytic operators with respect to Si, ... , B n 
coincides with 

W(Wi, W n )®B(K, Jd) = P Mj ®v [Rn®B(K, K')} \ Uj ®k, 
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and a similar result holds for the algebra W(Bi, . . . , B n ). 

Now, let us review (see [17 1) some basic properties for noncommutative Poisson transforms 
associated with row contractions T := [T\,... ,T n ], T G B(TL). For each < r < 1, define the 
defect operator Ay jr := (/ - r 2 T\T{ — ■ ■ ■ — r 2 T n T*) l l 2 . The Poisson kernel associated with T is 
the family of operators 

K TyT : Ti -► F 2 (H n ) <g> A^/H, < r < 1, 

defined by 



(1.1) Xjr,rfc == X] Yl ea ® rlalA T, r T*h, hen. 

k=0 \a\=k 

When r = 1, we denote At ■= At,i and Kt := Kr,i- The operators Kt,t are isometries if 
< r < 1, and 

(1.2) i^K T = I H - SOT- lim V T a T*. 

k^oo * — ' 
\a\=k 

This shows that Kt is an isometry if and only if T is a pure row contraction ([H]), i.e., 

(1.3) SOT- lim T * T a = °- 

|a|=fc 

A key property of the Poisson kernel is that 

(1.4) K Ttr (r^T*) = (S* a ® I)K T>r for all < r < 1, a G F, 



71 ' 



When T is a completely non-coisometric (c.n.c.) row-contraction, i.e., there is no h G n, h ^ 0, 
such that 

(1.5) ^ \\T*h\\ 2 = \\h\\ 2 for all A; = 1,2,..., 

H=fc 

an F^°-functional calculus was developed in [T5]. We showed that if / = Yl a aS a is in , then 

ae¥+ 

oo 

(1.6) r r (/) = /(Ti,...,r n ):=SOT-lim^ ^ r^Ta 

fc=0 \a\=k 

exists and Tt : F£° — > B(n) is a WOT-continuous completely contractive homomorphism. 

Let J 7^ Ffi° be a WOT-closed two-sided ideal of and let T := [Ti, . . . ,T n ], 2* G B(W), 
be a row contraction. The constrained Poisson kernel associated with J and T is the operator 
Kj,t ■ n — > Mj <g> Axn defined by Kjp '■= {Pj\Tj ® ^A T 7i )^ T ' wnere is the Poisson kernel 
defined by relation (jl.ip (case r = 1). 

The following theorem provides extensions of some results from |21j for constrained pure row 
contractions. 

Theorem 1.1. Let J / F£° be a WOT-closed two-sided ideal of F™ and let T := [Ti, . . . ,T n ], 
T G B(n), be a c.n.c. row contraction such that 

tp(T 1} . . . ,T n ) = 0, (p G J. 

Then 

K J>T f(T u ...,T n )* = (f(B u B n )* ® I-s-riKj? 

for any f(B\, . . . ,B n ) G W(B\, . . . ,B n ), where Kjp is the constrained Poisson kernel associated 
with J and T. 
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Proof. Due to relation (11.41) (case r = 1) we have 

(1.7) K* T {p{S 1 ,...,S n )®I H ) = p(T 1 ,...,T n )K T 

CO 

for any polynomial p(S\, . . . , S n ). According to [15J, if /(Si, . . . , S n ) := Yl Yl a aS a is in Ffi°, 

k=0 \ a \=k 

oo 

then, for any < r < 1, f r (Si, . . . , S n ) '■= r ' Q '«aS Q is in the noncommutative disc algebra 

fc=0 |ct|=fc 

An- Since 

m 

lim E E r^a a S a = f r (S 1 ,...,S n ) 

m— >oo ' ii — » 

fc=0 | a |=fc 

in the norm topology, relation (jl.7p implies 

K* T (USi, ...,S n )®I H ) = f r (T u T n )K* T 

for any /(Si, . . . , S n ) G F£° and < r < 1. Since T is a c.n.c. row contraction and S := [Si, . . . , S n ] 
is a pure row contraction, we can use the i^-functional calculus. We recall that the map A i— > A®/ 
is SOT-continuous on bounded sets of B(F 2 (H n )) and, due to the noncommutative von Neumann 



inequality [14] (see [24] for the classical case), we have \\f r (Si, . . . , S n )\\ < ||/(Si, . 
fore, we can take r — ► 1 in the above equality and obtain 



, S n )|[. There- 



in 



K^(f(S 1 ,...,S n )®L 



AtH' 



f{T x ,...,T n )K T 



for any /(Si, . . . , S n ) G where /(Ti, . . . , T n ) is defined by formula 
Now, according to relation (|1.8|) . we have 

(1.9) ((</>(Si,...,S„)*® I)K T h,\®k) = (K T <p(Ti,...,T n yh,l®k) 



for any ip(S\, . . . , S n ) G F^°, h E TC, and € AtH. Note that if (p(S\, . . . , S n ) G J, then 
(p(T\, . . . , T n ) = 0, and relation (jl.9p implies {Kxh,ip ® k) = for any /i, fc G 7Y. Taking into 
account the definition of Mj, we deduce that 

(1.10) K T (H) QNj®H. 

This shows that the constrained Poisson kernel satisfies the relation 

(1.11) K JtT h = (Pmj ® Iapr) K rh = K T h, hen. 

Since J is a left ideal of F£°, Mj is an invariant subspace under each operator S*, . . . , S* and 
therefore B a = Pj^jS a \J\fj, a G F+. Since [5i, . . . , B n ] is a pure row contraction, we can use the 
FJ?°-functional calculus to deduce that 



(1-12) f(B 1 , ...,B n ) = PfirJiSu S n )\Mj 

for any /(Si, . . . , S n ) G F™. Taking into account relations (jl.8p . (jl.lip . and (|1.12p . we obtain 

Kj, T f(T u ...,r n y = (p Nj ® i w ) [f(s 1 , ...,s n y® i w ] (p Mj ® k t 



Kit- 



= f(B 1 ,...,B n )*®I^ R 
Therefore, we have 

(1-13) Kj, T f(Ti,...,T n y= [f{B 1 ,...,B n y®I w 

for any f(B\, . . . , B n ) G W(-Bi, . . . , B n ). This completes the proof. 



Kit 



□ 
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Corollary 1.2. Let J / F£° be a WOT-closed two-sided ideal of F™ and let T := [Ti,...,T n ], 
Ti € B(7i), be a c.n.c. row contraction such that 

(p(Ti, . . . ,T n ) = 0, ip € J. 

Then 

K JtT T* = (B* ® I W )K J:T , i = l,...,n, 

and 

(1.14) ^}t^J,t = /« - SOT- lim V T a T*, 

|o|=fe 

where Kj^t is the constrained Poisson kernel associated with T and J. 
Moreover, if a map \E' : W(-E>i, . . . , B n ) — > B(TL) satisfies the relation 

(1.15) J,T = *j,t(/ ® / G WBi, B n ), 
then 

*(/) = /(Ti,...,r n ), /eW(Bi,...,B n ). 

Proof. The first part of the theorem follows easily from Theorem 11.11 Relation (|1.14p is a conse- 
quence of (jl.2p and (jl.lOp . Due to relation (|1.14p . if T is a c.n.c. row contraction then Kj^ is a 
one-to-one operator. Consequently, Theorem 11.11 and relation (|1.15p imply = /(Ti, . . . ,T n ), 

f € W(-E>i, . . . , i? n ). This completes the proof. □ 

We remark that if V is a family of noncommutative polynomials in S\ , . . . , S n and T := [Ti, . . . , T n \ 
is an arbitrary row contraction such that p(T\, . . . ,T n ) = 0, p £ V, then one can prove that T is 
a c.n.c. row contraction if and only if Kj t x is a one-to-one operator, where J is the WOT-closed 
two-sided ideal of generated by V. 



2. Constrained characteristic functions 

In this section, we show that the constrained characteristic function is a complete unitary invari- 
ant for the class of constrained c.n.c. row contractions. We also provide a model for this class of 
row contractions in terms of the constrained characteristic functions. All the results of this section 
apply, in particular, to c.n.c. row contraction subject to constraints such as 

p(Ti,...,T n ) = 0, per, 

where V is a set of noncommutative polynomials. 

The characteristic function associated with an arbitrary row contraction T := [Ti, . . . , T n ], Ti G 
B(7i), was introduced in [12] (see [23] for the classical case n = 1) and it was proved to be a 
complete unitary invariant for completely non-coisometric (c.n.c.) row contractions. Using the 
characterization of multi-analytic operators on Fock spaces (see [16] . [18]). one can easily see that 
the characteristic function of T is a multi-analytic operator 

6 T : F 2 (H n ) (g> V T * -» F 2 (H n ) <g> V T 

with the formal Fourier representation 

V »=i 

[ill ® J-w, ■ ■ ■ , Rn ® Ik] [lFHH n ) ® At*) , 



— i 
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where Ri, . . . , R n are the right creation operators on the full Fock space F 2 (H n ). Here, we need to 
clarify some notations since some of them are different from those considered in [12j . The defect 
operators associated with a row contraction T := [Ti, . . . , T n ] are 

/ n \ 1/2 

A T := I H -J2 T ^i e B ( n ) and : = i 1 " T*T) X I 2 € B(«W), 



while the defect spaces are £>t := At"H and 2?t* := Ar*7^( n ), where ?^ n ) denotes the direct sum 
of n copies of TL. We proved [22] that 

(2-1) lF 2 {H n )®v T ~ ©t©t = KtKti 

where Kj- is the Poisson kernel associated with T. 

Let J ^ be a WOT-closed two-sided ideal of the noncommutative analytic Toeplitz algebra 
F£°. In [22], we defined the constrained characteristic function associated with a J-constrained 
c.n.c. row contraction T := \T±, . . . ,T n ], Ti € B(TL), to be the multi-analytic operator (with 
respect to the constrained shifts B\, . . . , B n ) 

©j,t ■ Mj ® £>t* -^Nj®V T 
defined by the formal Fourier representation 

-I Mj ® T + (1^, ® A T ) ^Jvjsw - ^ W» ® X*j [Wi ® J w , . . . , W n ® J w ] (1^ ® A T ») • 

Taking into account that Afj is a co-invariant subspace under Ri , . . . , , we have 

@t(Mj ® Pt) Q Mj ® £>t* and 

ifyj®Z>r @T | AO ® P T * = ©J,T • 

Let us remark that the above definition of the constrained characteristic function makes sense when 
T := [Ti, ... ,T n ] is an arbitrary J-constrained row contraction and J is a WOT-closed two-sided 
ideal of F£° generated by a family of polynomials (see [22]). 

The next result was obtained in [22] for WOT-closed two-sided ideal of F£° generated by poly- 
nomials. Here, we have an extension of that result. 

Theorem 2.1. Let J ^ F%° be a WOT-closed two-sided ideal of F%° and let T := [T Xl .. . ,T n ], 
Ti £ B(TL), be a J-constrained c.n.c. row contraction. Then 

( 2 -3) lNj®v T - ©j,tOj,t = k J,t k *j,t-> 

where Oj 5 t is the constrained characteristic function ofT andKj^j is the corresponding constrained 
Poisson kernel. 



Proof. Due to relation (jl.lOp . we have range Kj- Q Mj ® AtTL. Taking the compression of relation 
([2TTD to the subspace Nj®V T C F 2 (H n ) ® V T , we obtain 

lNj®v T - PNj®v t ®t®tWj ® V T = PjsTji&DtKtKtIN'j ® V T . 

Using relation (|2.2p and that W? = R*\J\fj, i = 1, ... ,n, we deduce (|2.3[) . The proof is complete. 

□ 

Now, we present a model for constrained c.n.c. row contractions in terms of the constrained 
characteristic functions. We recall that two row contractions T := [Ti,...,T n ], Ti 6 B(TL), and 
T' =: [T{, . . . , T^], T[ G B(TL'), are equivalent if there is a unitary operator U : TL — > TL' such that 
C/Tj = T'JJ for any i = 1, . . . , n. 
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Theorem 2.2. Let J ^ F£° be a WOT-closed two-sided ideal of F™ and T := [Tx,...,T n ] be a 
c.n.c. row contraction such that 

V?(Ti, . . . ,T n ) = 0, ip e J. 

Then T := [Ti, . . . ,T n ] is unitarily equivalent to the constrained row contraction T := [Ti, . . . ,T n ] 
on the Hilbert space 



(AO ®v T )e A J>T (Mj ®v T *) e {e j,r/ e A J)T f f g AO ® v T * } , 



( \ 1/2 

where Aj^ := 1 1 — ®j T Qjt) and each operator Tj, i = 1, . . . ,n, is uniquely defined by the 
relation 

[Ptfj®V T |Hj, t ) T i x = ( B i ® Iv T ) {PMj^Vt \Mj, t ) x -> x e ^J,T, 

where PNj®v t \u jt is a one-to-one operator, Pj^j^v t is the orthogonal projection of the Hilbert 

space (AO <g> V t )®A JjT {Mj © V T *) onto the subspace Nj®V T , and B\,...,B n are the constrained 
left creation operators determined by J. 

Moreover, T is a constrained pure row contraction if and only if the constrained characteristic 
function &j t T is an inner multi- analytic operator with respect to Bi, . . . , B n . In this case, T is 
unitarily equivalent to the row contraction 

(2.4) [Paj,A B i ® j ?>t)Pj,t, • • • , Pwj, T {B n ® Iv t Wj,t] , 

where Pu JT is the orthogonal projection of Mj <8> T>t onto the Hilbert space 

Mj,t := (AO ® t> t ) © e JjT (A0 ®p t .). 



Proof. Consider the Hilbert space IK j t x '■= (AO © P>t) © Aj 5 t(A/j © T>t*) and define the operator 
$ : AO <8> T> T * — > Kj,t by setting 

$f ■= © j,t/ © A J>T f, f G AO <8> V T * . 

Notice that <3? is an isometry and 

(2.5) $*(g(B0) = e*j, T g, g(iNj®V T . 

Consequently, denoting by Pu JT the orthogonal projection of Kj,t onto the subspace Hj^, we have 

|| 5 || 2 = ||p HjT ( 5 ©o)|| 2 + ||^*(<7eo)|| 2 

= \\P Mj , T (9 ©0)|| 2 + ||G} iT5 || 2 
for any g G Aj © ^t- On the other hand, due to Theorem 12.11 

II^},t2|| 2 + II@},t5|| 2 = llsll 2 , 9 G AO © 2?t. 
Combining the above relations, we deduce that 

(2.6) ||#},tSII = ll p H JiT (5ffi 0)||, geMj®V T . 

Since [Ti, . . . ,T n ] is a constrained c.n.c. row contraction, Corollary 11.21 shows that Kj^t is a one- 
to-one operator and range K* JT is dense in TL. 

Let x G Mj s t and assume that x _!_ L\ JT {g © 0) for any g G AO © T>t- Using the definition of 
Mj t T and the fact that 

Kj,t = {5 © : g eAfj® V T } \J {9j iT / © A JjT /, / G AO © T> T * } , 

we deduce that x = 0. This shows that 

Hj,t = {PRj, T (g © 0) : 5 G AO® 2>r}~ • 
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Hence, and due to relation (12. 6j) . there is a unique unitary operator r : TC — > Mj t T such that 

(2.7) T(Kl T g) = P UjT (g®0), geNj®V T . 

Using Theorem 12.11 relation (|2,5p . and the fact that $ is an isometry, we have 

PMj<s>v T TKj T g = PNj®D T Pn JiT {g © 0) 

= g-PMj®-D T ®3>*(g®0) 

= g- Qj,T<d* J)T g 
= Kj, T K* J)T g 

for any g G Nj ® T>t- Consequently, since the range of K* JT is dense in TC, we deduce that 

(2.8) P/Sj&DtT = Kj tT . 

For each i = 1, . . . , n, let Tj : Mj t T — > II jt be defined by Tj := rTjT*, i = 1, . . . , n. Due to 
relation (|2.8p and taking into account that the constrained Poisson kernel Kjj> is one-to-one, we 
deduce that 

(2-9) PNj®v t |hj, t = Kj,tT* 

is a one-to-one operator acting from Hjt to A/j ® T>t- Notice also that, using relation (|2.9p and 
Corollary 11.21 we have 

{PNj®t> t \gj, t ) T*Th = \PMj®v T W JtT ) TT*h = Kj^T*h 
= (B* ® I Vt ) Kj, T h 

= (p>* ® ix> T ) (Pnj®t>tWj,t) 

for any h € TC. Hence, we deduce that 



(2.10) [PMj®V t \jBLj,t) T i x = ( B i ® -for) {PMj®D t |hj, t ) ^ x G ^Ut- 

Since the operator -PA/"j(g)X>TlHj T is one-to-one (see (12, 9p ). the relation (12.10P uniquely determines 
the operators T*, i = 1, . . . , n. 

To prove that last part of the theorem, assume that T := [T\, . . . , T n ] is a constrained pure row 
contraction. According to Corollary 11.21 the constrained Poisson kernel i£j,T ■ TC — » A/j ® I?t is 
an isometry. Consequently, Kj^tKj T is the orthogonal projection of A/j <g> 2>r onto Kj^TL. Ac- 
cording to Theorem 12. H relation (|2,3p shows that Kj^K* JT and 0j 5 t@jt are mutually orthogonal 
projections such that 

Kj,tK* jt + Qj,T@j t T = IMj®V t - 
Therefore, @j 5 t is a partial isometry, i.e., an inner multi-analytic operator and Q* JT Qjrp is a 
projection. This implies that Aj^ is the projection on the orthogonal complement of range Qjx- 
Now, notice that a vector u © v E IK^t is in Mj t T if and only if 

(u © u, G JjT / © A J)T /) = for any f eNj®V T *. 

This is equivalent to 

(2.11) 6} jT ti + A JjT t; = 0. 

Due to the above observations, we have Qjj-u _L Aj^v. This shows that relation (|2.1ip holds if 
and only if &j T u = and v = 0. Consequently, 

Hj,t = (AO © £> T ) e @j,t(Nj © £>T*)- 
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In this case, PMj®t> t \h. jt is the restriction operator and relation (|2.10j) implies 

Tj = Pu,, T (Bi (8) I Vt )\Mj >t , i = l,...,n. 

Conversely, if Gj 5 t is inner, then it is a partial isometry. Theorem 12.11 implies that Kjt is a partial 
isometry. Since T is c.n.c, Corollary 11.21 implies SOT- lim^oo J2\ a \=k ^a^a = 0> which proves that 
T is a pure row contraction. This completes the proof. □ 

As in the noncommutative case [12] . one can easily prove the following. 

Proposition 2.3. IfT := [Ti, . . . ,T n ], T, G B(7i), is a J -constrained c.n.c. row contraction, then 
0j 5 t is outer if and only if there is no element h G Ti, h ^ 0, such that lim^oo X)|a|=fc T a T*h = 0. 

Proof. Due to Corollary 11.21 the condition above is equivalent to ker (/ — Kj T Kj^t) = {0}. Using 
Theorem 12.11 we deduce that the latter equality is equivalent to 

ker e JiT e} jT = ker (/ - Kj. T K* J:T ) = {0}, 

which is the same as @j,t having dense range. The proof is complete. □ 

Remark 2.4. If J = {0} in Theorem \2.2l one can recover the model theorem for arbitrary c.n.c. 
row contractions [12] . 

Let $ G W(Wi, • • • , W n )®B(Ki,K 2 ) and G W(Wx, W n )®B(JC' v K' 2 ) be two multi-analytic 
operators with respect to B\, . . . , B n . We say that and $' coincide if there are two unitary 
operators Tj G B(ICj,)Cj), j = 1,2, such that 

&(lMj On) = (Itfj®T 2 )&. 

We remark that if 1 G JVj, then the C*-algebra C*(B\, . . . ,B n ) is irreducible (see [22] ). In this 
case, the operators and <&' coincide if and only if there are two multi-analytic operators Uj : 
AO ® /Cj -> AO ® ^ such that = U 2 $. 

The next result shows that the constrained characteristic function is a complete unitary invariant 
for c.n.c. constrained row contractions. 

Theorem 2.5. Let J ^ F%° be a WOT-closed two-sided ideal of and let T := [T x ,.. . ,T n ], 
Ti G B(H), and T' := [T[, . . . , T^], T[ G B{TL'), be two J -constrained c.n.c. row contractions. Then 
T and T' are unitarily equivalent if and only if their constrained characteristic functions 0j,t and 
®J,T' coincide. 

Proof. Assume that T and T' are unitarily equivalent and let U : Ti — ► Ti' be a unitary operator 
such that Ti = U*T-U for any i = 1, ... ,71. Simple computations reveal that 

UA T = A T ,U and (ef =1 £/)A T . = A T /, (®f =1 U). 

Define the unitary operators r and r' by setting 

T ■= U\V T : V T -> X» T / and r' := (e? = iZ7)|2V : £>T* T> T >*. 

Taking into account the definition of the constrained characteristic function, it is easy to see that 

(iMj ® r)ej, T = Qj,T'{lNj ® r')- 

Conversely, assume that the constrained characteristic functions of T and T" coincide. Then 
there exist unitary operators r : V>t T^t 1 an d r * : ^T* - ► 2?t'* such that 

(2-12) (Iao ® r)Gj, T = QjrVtfj ® TV). 

It is easy to see that (I2.12j) implies Aj 5 t = (ijVj <8> t*)* A (jMj ® T *) an d 

(/AO ® r*) A hT {Nj®V T ») = & JyTI {Nj®V T ,*). 



OPERATOR THEORY ON NONCOMMUTATIVE VARIETIES II 11 

Using the notations of Theorem 12.2^ we define the unitary operator U : M>j s t — > Kjt' by setting 
U := (Ij\fj ®t) © (Jvj ®t*). Straightforward computations reveal that the operator * : Mj®T>t* — ► 
Kj ; T) defined in the proof of Theorem 12.21 and the corresponding *' satisfy the relations 

(2.13) 17* ® O* = *' 

and 

(2-14) (IN., © r) Pl% v U* = pI^ Vt , , 



A 

implies 



where P_\fj^D T * s ^ ne orthogonal projection of K^t onto A/j ® Dt- Notice that relation (|2.13p 



UM JiT = UK JtT e £7* (AO £> T *) 

= K J>T , *'(7a0 © t*)(A/j ® £> T ») 

= K, /iT / e *'(A/> ® 2V»). 
Therefore, the operator C/|h jt : Hj,t — * Hj,t' is unitary. On the other hand, we have 
(2.15) (B* ® I Vt , ) (I Mj ® T ) = (Jao r) (£* ® 7p T ) . 

Now, let T := [Ti, . . . T n ] and T' := [T' 1; . . . T' n ] be the models provided by Theorem 12.21 for the 
row contractions T and T' , respectively. Using the relation (|2,10p for T' and T, as well as relations 
QUID and (I2T51) . we deduce that 



J.T 



X 



p n j ;£v t X*ux = (b* ® / Ct ,)^Sp t ^ = (5* ® IivXIao ^ t)pJ;^ t 

= {I Nj ® r)(£* (8) 7 Ct )P^ t x = (I Mj ® r)pJ;^ r T*x 

d*j,t' rrir* 
- r Afj®V T , U & i x 

for any x G Hj^ and i = 1, . . . , n. Consequently, since Pj^j'^'d t , \m JT , is a one-to-one operator (see 
relation (|2.9f) ) . we obtain 

(*7| Hj , T ) T* = TTf [U\ MjiT ) , i = l,...,n. 

Now, using Theorem l2.2l we conclude that T and T' are unitarily equivalent. The proof is complete. 

□ 

As in the noncommutative case |19j . one can prove the following. 

Proposition 2.6. Let J / F£° be a WOT-closed two -sided ideal of such that 1 <E Mj. If 
T := [T\, . . . ,T n ] is a J -constrained c.n.c. row contraction, then T is unitarily equivalent to a 
constrained shift [B± ® I/c, . . . , B n ® 7^] for some Hilbert space /C if and only if 0j 5 t = 0. 

Proof. If T = [Bx ® Ik., . . . , B n ® I K ], then K JjT f = / for / G Nj ® fC. Indeed, since 1 G Nj, for 
any / = Yl e a (&k a m Nj ® K, C F 2 (H n ) ® /C, we have 

QGF+ QGF+ 

= E ^j 6 " ®k a = PNj®K,f = /• 

Now, Theorem 12.11 shows that &j : t = 0. Conversely, if O j,t = 0, then Theorem 12.21 shows that T 
is unitarily equivalent to the constrained shift [B\ ® 7p T , . . . , B n ® Iv T \- D 
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Remark 2.7. All the results of this section can be written in the particular case when T := 
[T\, . . . ,T n ] is a q-commuting c.n.c. row contractions, i.e., 

TiTj = qjiTjTi, 1 <i < j <n, 

where qij E C. 

Notice that T is g-commuting if and only if it is a Jq-constrained row contraction, where J q is the 
WOT-closed two-sided ideal of F£° generated by the g-commutators SiSj — qjiSjSi, 1 < i < j < n, 
where Si, . . . ,S n are the left creation operators on the full Fock space. We refer to [5] for related 
results on g-commuting row contractions. 

We remark that in the particular case when q^ = 1 we obtain a model theory for commuting 
c.n.c. row contractions. 
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